We present a theoretical study on stimulated electronic Raman scattering in neon by resonant excitation with an x-ray free electron laser (XFEL). This study is in support of the recent experimental demonstration [C. Weninger et al., Phys. Rev. Lett. (to be published)] of stimulated x-ray Raman scattering. Focusing the broadband XFEL pulses into a cell of neon gas at atmospheric pressure a strong inelastic x-ray scattering signal in the forward direction was observed, as the x-ray energy was varied across the region of core-excited Rydberg states and the K edge. The broadband and intrinsically incoherent x-ray pulses from the XFEL lead to a rich, structured line shape of the scattered radiation. We present a generalized Maxwell-Liouville-von Neumann approach to self-consistently solve for the amplification of the scattered radiation along with the time evolution of the density matrix of the atomic and residual ionic system. An in-depth analysis of the evolution of the emission spectra as a function of the Raman gain is presented. Furthermore, we propose the use of statistical methods to obtain high-resolution scattering data beyond the lifetime broadening despite pumping with incoherent x-ray pulses.
Optical nonlinear Raman spectroscopy is a powerful tool to study dynamical processes and excitations in atoms and molecules [1, 2] . With the advance of x-ray free electron lasers (XFEL) [3] [4] [5] [6] [7] it is possible to produce powerful x-ray pulses with femtosecond durations which in principle would allow the transfer of Raman spectroscopy into the x-ray region [8] [9] [10] [11] . In resonant x-ray Raman scattering, also referred to as resonant inelastic x-ray scattering (RIXS), core electrons are resonantly excited to valence orbitals with x-ray pulses. The decay of the short-lived, core-excited state can proceed either by an Auger decay or by a radiative decay, thereby emitting a photon with red-shifted frequency [12] . In the soft x-ray region, the Auger decay typically dominates and x-ray scattering cross sections are comparatively small. Stimulating the x-ray scattering process by providing "pump" and "dump" photons the scattering signal can be greatly amplified. Cross sections for stimulated x-ray scattering have been theoretically estimated [13] [14] [15] , but the lack of intense x-ray sources have so far precluded demonstration. In a recent experiment stimulated x-ray Raman scattering was experimentally observed [11] with an XFEL. Here, we present a detailed theoretical description, underlying the interpretation of the experimental data.
Ideally, a stimulated x-ray Raman experiment would require a two-color x-ray source of well-defined photon energies and narrow spectral bandwidth to specifically target electronic transitions in the resonant scattering process. Alternatively, stimulated x-ray Raman scattering could be observed by an ultrashort, transform limited x-ray pulse with a bandwidth covering the inelastic energy transfer. In the latter scheme, referred to as impulsive Raman scattering, typically more than one electronic excitation and decay channel will be probed and electronic wave packets are created. The inelastic scattering process is observed by small, reproducible changes in the spectrum of the transmitted radiation. Unfortunately, at the moment * clemens.weninger@pks.mpg.de † nina@pks.mpg.de their are no such x-ray sources available which deliver either narrowband two-color x-ray pulses or reproducible, transformlimited attosecond pulses to perform such an experiment. Current XFELs are based on the self-amplified spontaneous emission (SASE) principle [16] , starting from shot noise in the electron bunches. SASE pulses are characterized by a relatively broad bandwidth (typically 0.1% to 1% of the central photon energy) of limited longitudinal coherence. This results in emission spectra which vary on a shot-to-shot basis [17] and are very spiky in both time and frequency domain [18, 19] (see Figs. 3(b) and 3(d) as an example for the temporal and spectral intensity envelope of a typical SASE pulse). The recent experimental demonstration of Raman spectroscopy with these SASE pulses proved very challenging [11] , since the broadband XFEL pulses, overlapping with both the region of core-excited resonances and the continuum above the K edge, made it difficult to disentangle stimulated resonant scattering from stimulated amplification of fluorescence following photoionization. Differentiating between both effects required a detailed analysis of the emission line shapes and the comparison of the experimentally detected signal levels to a quantitative theory of stimulated x-ray scattering with incoherent XFEL radiation. Here, we give an in-depth presentation of the theory which underlies the interpretation of the experimental results in Ref. [11] . We present a MaxwellLiouville-von Neumann approach to predict the emission spectra of stimulated x-ray Raman scattering in a dense gas of atomic neon. Moreover, we propose a method to obtain high-resolution scattering data using broadband stochastic pulses in combination with statistical analysis.
I. SUMMARY OF EXPERIMENTAL RESULTS
In the experiment [11] , XFEL pulses of ≈40 fs in duration were focused into a 10-mm-long gas cell filled with neon at a pressure of approximately 500 Torr (corresponding to an atomic density of ≈1. 6 of core-excited neon atoms is created. The neon atoms are core excited in a longitudinal pump geometry, as the XFEL pulse propagates through the gas sample. In the experiment, the XFEL photon energy was varied across the K edge (870.2 eV) of neon and the emitted x-ray radiation was detected in the forward direction with an x-ray spectrometer. A level scheme of neon can be seen in Fig. 1 . The strongest pre-K-edge resonance of neon, corresponding to the 1s-3p transition, is roughly at 867 eV, i.e., only 3 eV below the K-edge at 870.2 eV [20] . The core-excited resonances have a width of only 0.27 eV, determined by the Auger decay, which typically happens on a time scale of 2.4 fs. In the experiment, the SASE bandwidth was measured to be 7 eV. Tuning the incoming XFEL beam to the 1s-3p resonance, hence, resulted in a spectral overlap with the whole Rydberg series of core-excited states (1s core electrons excited to valence orbitals 3p, 4p, 5p, etc.) as well as with the continuum. Coupling to the continuum results in photoionization of the neon atoms and drives amplification of the Kα fluorescence [21, 22] . Coupling to the resonance region results in stimulated inelastic x-ray scattering, where the spectral tail of the XFEL pulse provides seed photons on the emission energy at around 850 eV. A detailed analysis of the experimental emission line shapes revealed a reproducible line shape and line position for photon energies >870 eV, whereas for <870 eV, i.e., in the region of the resonances, a stochastic shift, broadening and sometimes multipeak structure of the emission line was observed. As we show in this study, the stochastic line shift and multipeak structure is a signature of resonant Raman scattering with incoherent x-ray radiation.
II. THEORETICAL APPROACH
To simulate the scattering process a one-dimensional Maxwell-Liouville-von Neumann approach was developed, a generalization of Maxwell-Bloch models to study laser amplification [23] [24] [25] . Due to the elongated geometry we assume the paraxial wave approximation. The transverse coordinates are therefore neglected and only the direction of the propagation along the z axis is considered. The neon atoms are supposed to be initially in the ground state. The XFEL pulse can either ionize core electrons leading to Ne 1+ or resonantly excite core electrons to the unoccupied orbitals. To treat both cases on an equal footing we introduce two density matrices: a truncated density matrix ρ for atomic neon and a reduced ionic density matrix ρ 1+ describing the residual singly charged neon ion. The atomic neutral density matrix comprises coreexcited states 1s −1 np Table I shows all relevant transitions along with their energies and dipole moments.
In our model we solve for the time evolution of the two density matrices coupled to a classical electric field. Since the XFEL is linearly polarized and seeds the amplification process we assume the XFEL and the scattered radiation are both linearly polarized in the same direction. The equations are solved in a moving window [27] by transforming to the retarded time τ = t − z c , making the calculations more efficient. To treat absorption losses of the XFEL radiation resulting from both resonant excitation and ionization we need to account for the steplike behavior of the 1s photoionization cross section around the K edge. Since we adopt for a real-time propagation approach to study the propagation and inelastic scattering process, unlike a formulation in the frequency domain by response functions, the spectrum of the electric field is not accessible during the simulation. In the time domain, however, a steplike absorption coefficient at the K edge is difficult to introduce. Hence we split the initial SASE spectrum in two parts, a part below the K edge and a part above the K edge, which will be treated separately in the propagation scheme. The part above the K edge J p (τ,z) is solely described by the evolving flux
which gets attenuated by photoabsorption. Here, n denotes the density of the neon gas, ρ 0,0 (τ,z) is the time-dependent population of neon in the ground state, and σ tot is the total photoionization cross section, including ionization of the core and valence shells. The part below the K edge and the scattered radiation are treated by a single classical electric field,
which is split into a slowly varying envelope E and a fast oscillating exponent. In contrast to treatments of the spontaneous Raman effect, which is often treated by a quantum field [28] , we treat the field classically. Since the Raman process is seeded by the tails of the XFEL pulse, which typically has intensities overcoming the vacuum fluctuations of the electromagnetic field, a classical description should be valid. Spontaneous Raman scattering is hence neglected in our approach. Using the second-order wave equation for the electric field and assuming the slowly varying envelope approximation [29] the envelope evolves according to
where P is the macroscopic polarization of the neon gas. Equation (3) is written with respect to the frame of the propagating pulse, and τ = t − z/c denotes the retarded time.
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The polarization is proportional to the sum of the off-diagonal density matrix elements,
where z ij is the corresponding dipole matrix element for that transition, here i and j denote a composite index identifying the states of the atomic and ionic system. The master equations for the time evolution of the density matrices can be derived by an open quantum system approach. Details of the approach can be found in Ref. [30] and we adapt it to account for the case of two density matrices for the neutral neon and the ion. We give a short summary of the derivation here: Starting from the configuration interaction approach we expand the wave function in the interaction picture | ,t I in terms of the ground state |φ 0 and states |φ a i J , which are constructed from the ground state by exciting an initially occupied single orbital i into an initially unoccupied orbital a, forming a state of total angular momentum J :
The matter-field interaction potential is given in the dipole approximation by H I = −μE(t). The time evolution of the expansion coefficients α 0 (t) and α a i J (t) is determined by the time-dependent Schrödinger equation in the interaction picture and is given bẏ
Here, we phenomenologically introduced the Auger decay. Core-excited levels i are decaying with a rate of i = 0.27 eV; i is zero for all other states. In a next step, we differentiate between resonantly core-excited states into orbital a and orbitals a pertaining to the continuum. We define a reduced ionic density matrix ρ 1+ by a product of wave-function coefficients summed over continuum states a:
The remainder of the single-particle excitations and the ground state are included in the atomic density matrix of the neutral system:
Starting from these expressions, master equations for the ionic and atomic density matrices can be derived, following steps outlined in Ref. [30] . We get the following equations for the evolution of the diagonal elements (populations) of the atomic density matrix: 
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The coherences (off-diagonal matrix elements) in the neutral atom evolve according tȯ The population and coherences of the singly charged ion evolve according tȯ
ii ,
|E |
2 is the x-ray flux below the K edge and
is the complex Rabi frequency in the rotating wave and dipole approximation. ω is the frequency of the slowly varying envelope approximation and σ k is the ionization cross section for the corresponding state.
The density matrix equations are solved by a split-step method [31] . In this method the unitary evolution due to the Hamiltonian and the loss terms are solved separately. The parts involving the field interaction are solved by means of the discrete time evolution operator U = e −iH I t . The matrix exponential is calculated by diagonalization of the interaction Hamiltonian at each time step to ensure that U is unitary. The Auger decay terms lead to an exponential decay and together with the photoionization terms are combined into the loss operator D. We adopt a second-order splitting scheme where the density matrix is advanced by doing a half time step of the loss operator D followed by a full time step of the discrete time evolution operator and followed by another half time step of the loss operator. (1)] to obtain a self-consistent scheme.
To a good approximation the XFEL SASE pulses can be modeled as chaotic pulses with Gaussian statistics [18, 32] . These pulses show a spiky pulse structure in the time and in the frequency domain as shown for a single SASE shot in Figs. 3(b) and 3(d) . The number of modes (spikes) is conserved by transforming from the spectral to the temporal domain. The ensemble average of the pulses is characterized by the average spectral bandwidth ω and the average pulse duration T . The temporal coherence (average width of a spike in the time domain) is related to the total spectral width T coh = √ π ω and the spectral coherence (average width of a spike in the frequency domain) is inversely proportional to the average pulse duration ω coh = 1 T [18, 19] . Throughout the paper we assume a Gaussian power spectrum for the ensemble average with a bandwidth of ω = 7 eV (FWHM). The pulses are generated by producing Gaussian random numbers with variances according to the power spectrum. The pulses are then Fourier transformed into time and multiplied by a Gaussian temporal envelope for the intensity [33, 34] . We typically suppose a pulse duration of 40 fs FHWM of the intensity.
III. DISCUSSION OF RESULTS
We now use this framework to study stimulated resonant Raman scattering. Figure 2 shows the amplification of the Raman scattered radiation with propagation through the medium for two ensembles of SASE pulses with different central photon energies. Shown are the number of photons in the down-scattered x-ray field (determined by integration of the spectral intensity from 847 to 851 eV) and the number of photons for photon energies <870.2 eV as a function of propagation distance. For both ensembles, we assumed a total of 1. seed photons for the 866-eV pump pulse and 5 × 10 4 seed photons for 867 eV in a spectral window of 4 eV around the emission transition at the beginning of the medium (z = 0). The vacuum fluctuations of the quantum field would result in approximately 100 spontaneously Raman scattered photons in the entire interaction volume. The seed photons in the XFEL tail therefore greatly dominate over the vacuum fluctuations of the field. The pulse with 866-eV central photon energy provides more seed photons than the pulse with 867 eV since its central photon energy is closer to the emission transition of ≈849 eV. The gain for the pulse with 867-eV central photon energy is, however, higher, because the peak of the spectral intensity is closer to the excitation resonances ranging from 867 up to the K edge. The signal in the Raman scattered radiation shows a lethargic kick-off of the gain for low z. After going through an exponential gain region the signal bends over and the gain is reduced. This bending over of the gain curves does not necessarily imply saturation of the lasing transition, which is defined by an inelastic scattering rate which beats the Auger decay. Whereas the red curve for 867 eV reaches true saturation towards the end of the medium, the black curve for 866 eV levels off at a lower photon number, due to a depletion of the pump photons. The Raman gain stops, since the pump rate to the core-excited state drops. In the regime of high laser saturation, nonlinear effects change the emission lineshape and we even observe degenerate four-wave mixing. This four-wave mixing was also recently theoretically predicted in amplified x-ray emission in molecules [35] .
To study the scattering line shape and its evolution with propagation we focus in the following on the pulse with 866-eV central photon energy, which does not show saturation effects due to the lower gain. X-ray Raman scattering with a narrowband source (less than the lifetime width of the core-excited state) shows a linear dispersion between the incoming ω in and outgoing radiation [11, 12, 36] . The energy of the outgoing radiation is
where ω f 0 is the energy difference between the final state and the ground state. In other words, the resonance scattering process of an incoming pulse detuned by = ω in − ω i0 with respect to the excitation resonance ω i0 results in a detuning of from the resonance energy ω if , an effect which was termed "anomalous" linear dispersion of resonance scattering. Hence, the outgoing radiation of frequency ω out follows the detuning of the incoming field ω in . The situation of resonance scattering with a spiky, broadband SASE spectrum is more complex. It is however possible to see the entire SASE spectrum as a sum of randomly phased narrowband, coherent spectral contributions. Each spectral spike has a specific detuning from resonance and the scattering process follows the anomalous linear dispersion. For a single SASE pulse and several resonances, this results in a multiple-spiked emission pattern. Since the spectral distribution of the SASE pulses changes from pulse to pulse, every representative of the SASE ensemble will have different detunings from resonance and hence a slightly different emission spectrum. This scenario can be visualized by looking at the evolution of the spectrum as a function of propagation length. The spectrum of the incoming and emitted radiation can be seen in Fig. 3 . The spectrum of the XFEL radiation at the entrance and end of the gas cell for a typical SASE pulse can bee seen in Fig. 3(d) .
The transmitted XFEL pulse at the end of the medium shows strong absorption around the resonances. The Raman scattered radiation is depicted in Fig. 3(c) . The spectrum shows three distinct peaks A, B, and C with some additional broadband background.
To understand the structure of the spectrum it is useful to look at an effective excitation cross section for the specific incoming SASE pulse as a function of the propagation distance. The effective cross section is defined as the product of the XFEL spectrum at position z with the Lorentzian absorption profiles of the excitation resonances weighted with the dipole moment of the respective transition and can be seen in Fig. 4(a) . With the help of this plot it is possible to determine the leading spectral spikes and their detuning from the closest resonance governing the scattering process. Figure 4 shows that in the beginning of the medium two strong spikes close to the 1s-3p resonance and the 1s-5p resonance dominate the scattering process. These contributions result in the double-peak structure B, C of the emission spectrum in Fig. 3(c) . Both spikes are close to the resonance with a detuning of 20 and 28 meV, respectively. The peaks B and C are shifted by the same detuning from the emission transition [dashed lines in Fig. 3(c) ]. With propagation these two driving spectral spikes get absorbed and a third spike takes over the amplification. Figure 4(b) shows the detuning of the two strongest amplifying spikes as a function of propagation distance z. In this case the spike at 866 eV on the very left of Fig. 4(a) is the dominating spectral spike from 10-mm propagation distance on. This spike is 1.4 eV detuned to the left of the 1s-3p resonance. This results in the third speak A at 848 eV in Fig. 3(c) multiple spikes with different individual detunings contribute to the scattering. The Raman scattered pulse is not transform limited and typically consists of five to ten spectral modes (number of driving SASE spikes). Even though each spectral spike from the XFEL pulse itself can be considered coherent, different spikes have random phases with respect to each other. Since the scattering process is driven by multiple spikes with different phases the resulting pulses are not transform limited.
To emphasize the difference in emission line shape between stimulated Raman scattering and stimulated fluorescence, Fig. 5(a) shows the ensemble-averaged emission spectra as a function of the incoming central XFEL photon energy across the K edge. We assumed 2 × 10 12 incoming photons with 40-fs pulse duration. The stimulated scattering for photon energies below 870.2 eV results in a much broader emission structure with a width of 2 eV compared to stimulated fluorescence for photon energies above the K edge. Due to reabsorption of photons around the transition at 849.3 eV it looks like two emission peaks appear for XFEL photon energies below 868 eV. Single-shot-stimulated scattering spectra in Fig. 5(c) reveal the great variation of the emission line shape with a stochastic shift of the maximum position from shot to shot. The individual spikes in the emission have a linewidth of 0.1 eV, corresponding to the spectral coherence of the SASE ensemble. For single-shot emission spectra above the K edge [ Fig. 5(b) ] the line shape is stable and reproducible from shot to shot. Some shots show a broader line shape which is due to saturation broadening.
Despite the overall broad bandwidth of the XFEL pulses, the central XFEL photon energy has a big impact on the Raman gain, i.e., the number of photons in the line emission. Figure 6 shows the number of emitted photons around 849 eV as a function of the incoming central XFEL photon energy, assuming 2 × 10 12 photons in the incoming XFEL pulses. The Raman gain increases as a function of the central photon energy and reaches a maximum at around the K edge at 870.2 eV. Pumping around the K edge there is a significant contribution from stimulated scattering as well as amplified Kα fluorescence, leading to a maximum in the emitted number of photons. Beyond the K edge the gain decreases again, reflecting the decrease of the contribution due to resonant scattering. It should also be noted that the variance in the photon emission is larger in the case of resonance scattering. The Raman gain shows large shot-to-shot fluctuations, since the variation of the intensity distribution of the SASE spikes within a resonance window is basically 100%. This large fluctuation in signal gain was also observed in the experiment. This observation is in contrast to Ref. [28] , where it was argued that the Raman gain is independent of the exciting laser bandwidth. In that approach, the back reaction on the incoming pump field was neglected and the study considered only a weak pump-field interaction, leaving most atoms in the ground state. In Refs. [37, 38] it was shown that propagation effects like dispersion, group velocity, and absorption indeed make the Raman gain depend on the laser bandwidth, in agreement with our observation.
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IV. HIGH RESOLUTION BY COVARIANCE ANALYSIS
Considering the multispiked, stochastic spectra of stimulated Raman scattering with a SASE XFEL pulse, the outlook on high-resolution x-ray spectroscopy with these sources looks rather grim. In the following we, however, demonstrate that, with the help of statistical analysis of a large ensemble of recorded single spectra with stochastic XFEL pulses, it is possible to obtain high spectral resolution of the scattering process, in a statistical sense. In traditional resonant x-ray Raman scattering spectroscopy narrowband radiation is scanned across the resonances to achieve a high spectral resolution [39] . The resolution in this case is limited by the bandwidth of the incoming radiation and the detector. In the case of SASE pulses with a bandwidth of typically several electron volts, i.e., much larger than the typical width of core-excited resonances in the soft x-ray domain, scanning the resonances is not possible. The structured spectrum of the SASE pulses, consisting of coherent spikes of an average width small compared to the resonance widths, will, however, result in high-energy resolution in a statistical sense. Since each spectrally narrow, coherent spike can drive the scattering process, the scanning with a narrowband source is replaced by a statistical analysis over an ensemble of shots. The spiky structure of the SASE pulse is actually exploited in this case and the spectral resolution is limited by the average width of a spectral spike or, in other words, the spectral coherence of the SASE source.
By doing a covariance analysis [40, 41] over an ensemble of single-pulse spectra, the analog of a high-resolution experiment with coherent narrowband pulses can be recovered. We demonstrate this new method based on an ensemble of simulated spectra. The two-dimensional covariance of the ensemble of transmitted, outgoing spectra is defined as
In Fig. 7 we show the covariance map for an ensemble of 6000 simulated spectra, zoomed in the region of 848 < ω 2 < 851 eV and 866.5 < ω 2 < 870 eV. We assume incoming XFEL pulses of 867 eV central photon energy and an average pulse duration of 40 fs, which corresponds to a spectral coherence of 0.1 eV. The map can be read similar to a high-resolution RIXS is already defined and explained in line 26 and following map, i.e., ω 1 can be interpreted as the incoming photon energy of a scattering experiment with a coherent narrowband source, and ω 2 can be interpreted as the emitted photon energy. The plot clearly shows the anomalous linear dispersion of the resonant scattering process. A clear separation between scattering process via the 3p, 4p, and 5p core-excited states can be discerned. Moreover, for the 1s-3p resonance it is possible to see two separate emission lines, corresponding to the final state doublet 2p Table I ). Due to the central XFEL photon energy of 867 eV and smaller excitation cross section to the 4p, 5p, and 6p levels, the emission lines for those higher-lying excitation resonances are less pronounced. The width of the scattering features in the covariance plot are ≈0.1 eV, i.e., corresponding to the incoming spectral coherence of the SASE XFEL pulses.
The resolution of resonant scattering with a stochastic, incoherent source is hence determined by the spectral coherence (average spectral spike width), rather than the overall bandwidth of the incoming pulse. This is similar to observations that the temporal resolution of a nonlinear optical process with chaotic light is determined by the temporal coherence time, rather than the pulse duration, if the temporal, longitudinal, coherence time is smaller than typical relaxation processes or typical time constant in the system [42] [43] [44] . Increasing the pulse duration of the SASE pulses, the spectral coherence can be further decreased, resulting in a narrowing of the emission lines and an increased spectral resolution.
V. CONCLUSION
In this paper we presented a one-dimensional model to study the propagation of intense, incoherent x-ray pulses through a resonant gas medium. Resonantly exciting neon below the K edge with broadband SASE pulses leads to stimulated electronic x-ray Raman scattering in the forward direction. The inelastic scattering process is seeded by the spectral tails of the XFEL pulse. For typical XFEL parameters achievable at currently operating XFEL sources our model predicts up to 10 11 photons in the Raman scattered pulse, along with a high XFEL transmission of around 0.5. The Raman scattered pulses show a rich structure of emission lines due to pumping with incoherent XFEL pulses, characterized by several mutually incoherent intensity spikes of small bandwidth. We also demonstrated that, with the help of statistical analysis, a high spectral resolution of the scattering process can be obtained, despite pumping with incoherent radiation. Using the method of covariance mapping it is possible to differentiate between the several resonant scattering channels in neon. The resolution is thereby limited by the spectral coherence of the XFEL radiation and not by the overall broad spectral bandwidth. Extending this method to more complex systems and molecules might make it possible to study vibrational dynamics with XFEL radiation.
